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ABSTRACT

The Topological Derivative concept has
been widely accepted as a powerful framework
to obtain the optimal topology for several en-
gineering problems. This derivative furnishes
the sensitivity of the problem when the domain
under consideration is perturbed by the intro-
duction of a hole. In the present paper, we
apply the novel Topological-Shape Sensitivity
Method as a systematic methodology for com-
puting the Topological Derivative in Inverse
Poisson’s Conductivity Problem. In particu-
lar, we extend the Topological Derivative con-
cept to compute the sensitivity of a cost func-
tion when a small circular incrustation is intro-
duced at any point of the bulk material. The
preceding approach leads to a new method to
solve inverse conductivity problem. Finally, we
present numerical experiments in steady-state
heat conduction problem, showing that the de-
veloped methodology allow us to identify the
shape and topology of unknown incrustations.

INTRODUCTION

The Topological Derivative leads to a scalar
function that supplies, for each point of the do-
main under consideration, the sensitivity of a
given cost function when a small hole is created
[3, 5, 10, 14, 19]. More recently, in [8, 9, 17]
a new method to compute the Topological
Derivative via Shape Sensitivity Analysis was
proposed. This method, called Topological-
Shape Sensitivity Method has two main fea-
tures. First, leads to a simpler and more
general procedure to compute the Topological

Derivative than others found in the current lit-
erature. Second, allow us to consider several
kind of cost functions and any type of bound-
ary conditions on the hole.

It has been already accepted that Topo-
logical Derivative furnishes a powerful tool for
Topological Optimization [4]. Nevertheless,
this concept is wider. In fact, it also could be
applied to inverse problems (see, for instance,
[7, 20]) and to simulate physical phenomena
with changes on their configuration.

Alternatively, the same theory developed
for Topological Derivative can be used to cal-
culate the sensitivity of a given cost function
when, instead of a hole, a small incrustation is
introduced at a point in the domain. This con-
cept called Configurational Derivative [16] can
be naturally applied in the inverse problems
context [13]. In particular, on identification
of defects in mechanical components and prop-
erties characterization in heterogeneous media
among others [1].

To show the applicability of the Configura-
tional Derivative to inverse problems, we have
limited ourself to the steady-state heat conduc-
tion problem on rigid solids. The adopted cost
function is a quadratic form of the difference
between a measured (observed) and a calcu-
lated temperature. This sensitivity leads up
to a new method to solve inverse problems, in
our particular case the Inverse Poisson’s Con-
ductivity Problem. Finally, we present numer-
ical experiments showing that the developed
methodology allow us to identify unknown in-
crustations by means of temperature measure-
ments in the domain.
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CONFIGURATIONAL DERIVATIVE

The same theory developed to calculate the
Topological Derivative via Shape Sensitivity
Analysis can be used to compute the sensitivity
of a given cost function when a small incrusta-
tion is introduced at a point in the domain, as
shown in fig. (1). This sensitivity leads to a
scalar function called Configurational Deriva-
tive.
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Figure 1: Configurational Derivative Concept

Let us consider an open bounded domain
Ω ⊂ R

2 with a smooth boundary Γ. If the
domain Ω is perturbed by introducing a small
incrustation at an arbitrary point x̂ ∈ Ω, we
have a new domain Ω̃ε = Ωε ∪ Bε, where
Bε = Bε ∪ ∂Bε is a ball of radius ε centered at
the point x̂ ∈ Ω, Ωε = Ω−Bε and Γε = Γ∪∂Bε.
In another words, Ωε denotes the bulk material,
Bε the incrustation and their union represents
the domain under consideration Ω̃ε (see fig. 1).

Thus, we have the original domain without
incrustation Ω and the new one Ω̃ε = Ωε ∪ Bε

with a small incrustation Bε. Considering a
cost function ψ, the Configurational Derivative
is defined as

DC (x̂) := lim
ε→0

ψ(Ω̃ε) − ψ (Ω)

f (ε)
, (1)

where f (ε) is a negative function that decreases
monotonically so that f (ε) → 0 with ε→ 0+.

In [17] the authors proposed a new method,
called Topological-Shape Sensitivity Method,
which allow us to use the whole mathemati-
cal framework (and results) developed for the
Shape Sensitivity Analysis (see [2, 11, 12, 15,
18, 21, 22, 23] and references therein) to com-
pute the Topological Derivative. Likewise, we
can apply this methodology to compute the
Configurational Derivative (eq. 1). The main
result obtained in [17] is given by the following
Theorem (for more detail of the Topological-
Shape Sensitivity Method and its applications
see [16]):

Theorem 1 Let f (ε) be a function chosen in
order to 0 < |DC (x̂)| < ∞, then the Config-
urational Derivative given by eq. (1) can be
written as

DC (x̂) = lim
ε→0

1

f ′ (ε)

d

dτ
ψ(Ω̃τ )

∣

∣

∣

∣

τ=0

, (2)

where τ ∈ R is used to parameterize the do-
main. That is, for τ small enough, we have

Ω̃τ :=
{

xτ ∈ R
2 : xτ = x + τv, x ∈ Ω̃ε, τ ∈ R

+
}

,

with Ω̃τ = Ωτ ∪ Bετ
, ετ = ε+ τ and Ω̃τ |τ=0 =

Ω̃ε, being v the shape change velocity defined
by

{

v = −n on ∂Bε

v = 0 on Γ
. (3)

In addition,

d

dτ
ψ(Ω̃τ )

∣

∣

∣

∣

τ=0

= lim
τ→0

ψ(Ω̃τ ) − ψ(Ω̃ε)

τ
(4)

is the shape sensitivity of the cost function in
relation to the domain perturbation character-
ized by v.

Proof. The reader interested in the proof
of this result may refer to [8, 17]

This Theorem points out that the Config-
urational Derivative may be obtained through
the Shape Sensitivity Analysis of the cost func-
tion (Topological-Shape Sensitivity Method).
Therefore, results from Shape Sensitivity Anal-
ysis can be used to calculate the Configura-
tional Derivative in a simple and constructive
way considering eq. (2).
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INVERSE POISSON’S CONDUCTIV-

ITY PROBLEM

In this section, the Configurational Deriva-
tive is computed in steady-state heat conduc-
tion problem on rigid solids, taking as cost
function a quadratic form of the difference be-
tween a measured (observed) and a calculated
temperature.

Statement of the Problem

Let us consider a rigid solid represented by
Ω̃ε = Ωε ∪ Bε ⊂ R

2, with a small incrustation
Bε centered at x̂ ∈ Ω̃ε, submitted to an exci-
tation b in the domain Ω̃ε. Considering conti-
nuity of the solution uε on ∂Bε, the variational
formulation of the problem can be written as
follows: find uε ∈ Uε, such that

aε (uε,η) = lε (η) ∀η ∈ Vε , (5)

where the bilinear form aε(uε, η) and the linear
functional lε(η) are written, in this particular
case, as

aε (uε, η):=

∫

Ωε

ke∇uε · ∇η

+

∫

Bε

ki∇uε · ∇η , (6)

lε (η):=

∫

Ω̃ε

bη −

∫

ΓN

q̄η . (7)

where Uε the admissible functions set and Vε

the admissible variations space, that are de-
fined by

Uε = {uε ∈ H1(Ω̃ε) : uε|ΓD
= u} (8)

Vε = {η ∈ H1(Ω̃ε) : η|
ΓD

= 0} , (9)

where ΓD and ΓN are the Dirichlet and Neu-
mann boundaries such that Γ = ΓD ∪ΓN , with
ΓD ∩ΓN = ∅; ū and q̄ are the temperature and
heat flux prescribed on ΓD and ΓN ; ke and ki

respectively are the thermal conductivity co-
efficients of bulk material (represented by Ωε)
and incrustation (represented by Bε).

Finally, the cost function is defined as a
quadratic form of the difference between a mea-
sured (observed) and a calculated temperature,
that is

Jε(uε) := ψ(Ω̃ε) =

∫

Ω̃ε

(uε − u∗)2 , (10)

where u∗ is a temperature measurement and uε

is the solution of the variational problem given
by eq. (5).

Since the state equation must be verified in
all perturbed configuration Ω̃τ , the correspond-
ing solution uτ satisfies the following varia-
tional problem: find uτ ∈ Uτ , such that

aτ (uτ ,η) = lτ (η) ∀η ∈ Vτ , ∀τ ≥ 0 , (11)

where Uτ is the admissible functions set and
Vτ is the admissible variations space, both de-
fined on the perturbed domain Ω̃τ . In addition,
aτ (uτ ,η) and lτ (η) are given by

aτ (uτ ,η):=

∫

Ωτ

ke∇τuτ · ∇τη

+

∫

Bετ

ki∇τuτ · ∇τη , (12)

lτ (η):=

∫

Ω̃τ

bη −

∫

ΓN

q̄η . (13)

Likewise, the cost function written in the
perturbed configuration Ω̃τ becomes

Jτ (uτ ) := ψ(Ω̃τ ) =

∫

Ω̃τ

(uτ − u∗)2 , (14)

where uτ is the solution of eq. (11).

Configurational Derivative Calculation

The shape derivative of the cost function eq.
(4), taking the state equation as the constraint,
can be formally written as

{

d

dτ
Jτ (uτ )|

τ=0

aτ (uτ , η) = lτ (η) ∀η ∈ Vτ

. (15)

This problem can be solved using the La-
grangian method that consists in relaxing the
constraint of the problem by Lagrangian mul-
tipliers. Therefore, the Lagrangian defined in
the perturbed configuration Ω̃τ

Lτ (uτ , λτ ) = Jτ (uτ )

+ aτ (uτ , λτ ) − lτ (λτ ) ,(16)

allow us to compute the shape derivative of the
cost function as follows

d

dτ
Jτ (uτ ) =

∂

∂τ
Lτ (uτ , λτ ) , (17)
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where uτ ∈ Uτ is the solution of the state
equation (eq. 11) and λτ ∈ Vτ is the La-
grangian multiplier, solution of the adjoint
equation given by

aτ (λτ , η) = −

〈

∂

∂uτ

Jτ (uτ ) , η

〉

∀η ∈ Vτ .

(18)
In this particular case, the adjoint equation

becomes: find λτ ∈ Vτ , such that

aτ (λτ , η) = −2

∫

Ω̃τ

(uτ − u∗)η ∀η ∈ Vτ . (19)

From the Reynolds’ transport theorem and
considering the Lagrangian method, the deriva-
tive of the cost function, at τ = 0, becomes

d

dτ
Jτ (uτ )

∣

∣

∣

∣

τ=0

=

∫

Ω̃ε

Σε · ∇v , (20)

where Σε can be seen as an extension of the
Eshelby’s energy-momentum tensor (see for in-
stance [6, 22]). It is important to mention that
the energy momentum tensor was first intro-
duced by Eshelby into elastostatics of three di-
mensional bodies in the context of infinitesimal
deformations. This tensor also plays a central
role in the same author’s development of con-
tinuum approach when studying defects in solid
media. Furthermore, Σε can be decomposed as

Σε|Ωε
:= Σe

ε and Σε|Bε
:= Σi

ε . (21)

where Σe

ε and Σi

ε are respectively given by

Σe

ε =
[

(uε − u∗)2 + ke∇uε · ∇λε − bλε

]

I

− ke (∇uε ⊗∇λε + ∇λε ⊗∇uε) , (22)

Σi

ε =
[

(uε − u∗)2 + ki∇uε · ∇λε − bλε

]

I

− ki (∇uε ⊗∇λε + ∇λε ⊗∇uε) . (23)

Moreover, it is well known that shape
derivative only depends on the value of v at
the boundary. In fact, it is straightforward to
verify that

∫

Ω̃ε

divΣε · v = 0 ∀v ⇔ divΣε = 0 . (24)

Therefore, from divergence theorem and con-
sidering eq. (24), eq. (20) yields

d

dτ
Jτ (uτ )

∣

∣

∣

∣

τ=0

=

∫

Γε

(

Σe

ε −Σi

ε

)

n · v , (25)

remembering that Ω̃ε = Ωε ∪ Bε and that n is
the outward unit normal vector defined on Γε.

Recalling the definition of the velocity field
given by eq. (3), the shape derivative of the
cost function reduces to an integral along the
boundary ∂Bε, that is

d

dτ
Jτ (uτ )

∣

∣

∣

∣

τ=0

= −

∫

∂Bε

(

Σe

ε −Σi

ε

)

n · n ,

(26)
where

Σe

εn · n = (ue

ε − u∗)2 − bλe

ε

+ ke
∂ue

ε

∂t

∂λe
ε

∂t
−ke

∂ue
ε

∂n

∂λe
ε

∂n
, (27)

Σi

εn · n = (ui

ε − u∗)2 − bλi

ε

+ ki
∂ui

ε

∂t

∂λi
ε

∂t
− ki

∂ui
ε

∂n

∂λi
ε

∂n
. (28)

Using the continuity condition of the solu-
tions uε and λε on the boundary of the incrus-
tation ∂Bε, we have











∂ue
ε

∂t
=
∂ui

ε

∂t
∂λe

ε

∂t
=
∂λi

ε

∂t

,











∂ue
ε

∂n
=
ki

ke

∂ui
ε

∂n
∂λe

ε

∂n
=
ki

ke

∂λi
ε

∂n

. (29)

Upon considering the above results in eq. (26)
and further substitution in Theorem 1 (eq. 2),
the Configurational Derivative becomes

DC (x̂) = −lim
ε→0

1

f ′ (ε)

∫

∂Bε

(

ke − ki
)

(

∂ui
ε

∂t

∂λi
ε

∂t
+
ki

ke

∂ui
ε

∂n

∂λi
ε

∂n

)

. (30)

In order to obtain the final expression of the
Configurational Derivative, we need to explic-
itly know the behaviour of the solutions uε and
λε when ε→ 0, as well as their normal and tan-
gential derivatives. Thus, an asymptotic analy-
sis of uε and λε shall be performed. Therefore,
from this analysis (see [16]), it is possible to
compute the limit with ε → 0 in eq. (30) to
obtain

DC (x̂) = 2ke

(

ke − ki

ke + ki

)

∇u · ∇λ , (31)

where f (ε) = −meas(Bε) and u and λ are the
solutions of the state and adjoint equations, re-
spectively, both defined in the original domain
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Ω (without incrustation). From an analysis of
eq. (31) we observe that it is sufficient to com-
pute the solutions associated to the original
problem (without incrustation), that is u and
λ, to obtain the sensitivity of the cost function
when an incrustation is created in an arbitrary
point x̂ ∈Ω. Thus, the Configurational Deriva-
tive can be obtained without additional cost,
besides that necessary in the calculation of ∇u
and ∇λ.

Configurational Derivative for several

measurements

If we have several temperature measure-
ments, the cost function can be defined as a
sum of a quadratic form of the difference be-
tween observed and calculated temperatures
for each measurement, that is

J (u) :=
M
∑

n=1

∫

Ω

(un − u∗n)2 , (32)

being u∗n the n-th temperature measurement
and M the number of measurements. In this
case, the Configurational Derivative becomes

DC (x̂) = 2ke

(

ke − ki

ke + ki

) M
∑

n=1

∇un ·∇λn , (33)

where un and λn respectively are the solutions
of state and adjoint equations defined in the
original domain Ω for the n-th measurement.

NUMERICAL RESULTS

The solutions u and λ, defined in the origi-
nal domain Ω (without incrustation), are com-
puted through the Finite Element Method.

Normally, measurement u∗ is obtained from
experiments in laboratory. However, on the fol-
lowing examples, u∗ is also calculated through
the Finite Element Method. Therefore, func-
tion u∗ represents the solution of the state
equation defined on the domain including the
incrustations that shall be identified.

From analysis of eq. (1), the unknown in-
crustations that we want to identify must be
positioned where the cost function is more sen-
sible, that is, where DC (x̂) attains large abso-
lute values.

It should be mention that thermal conduc-
tivity coefficient of the incrustation ki is un-

known. On the other hand, we assume that
thermal conductivity coefficient of the bulk ma-
terial ke is known.

We assume, for all examples shown in this
paper, the excitation b = 0.

Example 1

The present example shows the behaviour of
the Configurational Derivative when the prop-
erties of an incrustation are modified. More
specifically, we want to study what happens to
DC (x̂) when the thermal conductivity coeffi-
cient of the incrustation ki assumes different
values. In addition, we assume that the ther-
mal conductivity coefficient ke of the bulk ma-
terial remains fixed.

The domain of this problem consists in a
square Ω = (0, 2.0)×(0, 2.0), where on the bot-
tom we have u = 0 and on the top q = 1.0.

To obtain the observed temperature u∗, two
cases are analyzed both with a centered cir-
cular incrustation with radius R = 0.2 and
ke = 1.0. Case A has ki

A
= 0.1 and Case B

has ki
B

= 10.0. The target domain can be seen
in fig. (2).

Figure 2: Example 1 - Target domain.

The scalar field ∇u · ∇λ, which is propor-
tional to DC (x̂) (eq. 31), obtained for Case A
and Case B are shown in figs. (3, 4), respec-
tively. The incrustation is clearly identified by
the maximum absolute values of DC (x̂) (see
isolines on the mentioned figures).
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2.287810E-001

2.146410E-001

2.005011E-001

1.863611E-001

1.722211E-001

1.580812E-001

1.439412E-001

1.298012E-001

1.156612E-001

1.015213E-001

8.738131E-002

7.324134E-002

5.910137E-002

4.496141E-002

3.082144E-002

1.668147E-002

2.541500E-003

Figure 3: Example 1 - Field ∇u · ∇λ for Case
A: ki

A
= 0.1. The isoline value is 2.2 × 10−1.

-2.424800E-003

-1.591616E-002

-2.940751E-002

-4.289887E-002

-5.639023E-002

-6.988158E-002

-8.337294E-002

-9.686429E-002

-1.103557E-001

-1.238470E-001

-1.373384E-001

-1.508297E-001

-1.643211E-001

-1.778124E-001

-1.913038E-001

-2.047951E-001

-2.182865E-001

Figure 4: Example 1 - Field ∇u · ∇λ for Case
B: ki

B
= 10. The isoline value is −2.1× 10−1.

We can also observe that DC (x̂) keeps sta-
ble even for large differences of properties be-
tween incrustation and bulk material, as seen
in figs. (3, 4), where the thermal conductiv-
ity coefficients of the incrustation are 10 times
smaller and bigger, respectively, than the ther-
mal conductivity coefficient of the bulk mate-
rial.

Comparing figs. (3, 4) the field ∇u · ∇λ in
Case B has a negative sign, while in Case A it
has a positive sign. Since DC (x̂) must be pos-
itive (we want to minimize the cost function),
we can also infer from its definition (eq. 1):

• if ∇u · ∇λ > 0, then ki < ke;

• if ∇u · ∇λ < 0, then ki > ke.

It should be notice that the ki value is not
known a priori.

Example 2

This example shows the behaviour of the
Configurational Derivative when we have sev-
eral temperature measurements (see eq. 33).

The domain of this problem is the same of
the previous one (see fig. 2). Four distinct
measurements, M = 4, are analyzed modifying
the boundaries where we prescribe un = 0 and
qn = 1.0. The first one, n = 1, is obtained
choosing u1 on the bottom and q1 on the top.
On the second measurement, n = 2, we have u2

on the right and q2 on the left. The third mea-
surement, n = 3, is obtained choosing u3 on
the top and q3 on the bottom. Finally, on the
fourth one, n = 4, are prescribed u4 on the left
and q4 on the right of the square. The thermal
conductivity coefficient of the bulk material is
ke = 1.0.

The above procedure is also used to com-
pute the observed temperature u∗n, for n =
1, 2, 3, 4, in the target domain shown in fig. (2),
where the thermal conductivity coefficient of
the incrustation is ki = 0.8.

The sum of fields ∇un·∇λn obtained in each
measurement, which is proportional to DC (x̂)
given by eq. (33), can be seen in fig. (5), where
the incrustation is once again clearly identified
by the maximum values of DC (x̂) (see isoline
on the mentioned figure).

1.195233E-001

1.156825E-001

1.118416E-001

1.080008E-001

1.041600E-001

1.003191E-001

9.647829E-002

9.263746E-002

8.879663E-002

8.495579E-002

8.111496E-002

7.727413E-002

7.343330E-002

6.959247E-002

6.575163E-002

6.191080E-002

5.806997E-002

Figure 5: Example 2 - Sum of fields ∇un · ∇λn

obtained in each measurement. The isoline
value is 1.1 × 10−1.

Example 3

The present example, like the previous one,
shows the behaviour of the Configurational
Derivative when we have several temperature
measurements (see eq. 33). Nevertheless, in
this example the target domain has several in-
crustations with the same thermal conductivity
coefficient ki.

The domain of this problem consists in a
rectangle Ω = (0, 2.0) × (0, 1.5). Once again,
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four distinct measurements are analyzed chang-
ing the sides of the rectangle where we prescribe
un = 0 and qn = 1.0; the first measurement is
obtained choosing u1 on the bottom and q1 on
the top; on the second one, we have u2 on the
right and q2 on the left; the third measurement
is obtained choosing u3 on the top and q3 on
the bottom; and on the last one are prescribed
u4 on the left and q4 on the right of the square.
The thermal conductivity coefficient of the bulk
material is ke = 1.0.

Figure 6: Example 3 - Target domain.

The same measurements above are per-
formed to compute u∗, obtaining four different
temperature measurements in a domain that
has three circular incrustations whose thermal
conductivity coefficient is ki = 0.8. The tar-
get domain is shown in fig. (6). In fig. (7) it
is shown the sum of fields ∇un · ∇λn obtained
in each measurement, where the incrustations
are clearly identified by the maximum values of
DC (x̂) (see isoline on the mentioned figure).

7.220033E-002

7.027960E-002

6.835888E-002

6.643815E-002

6.451743E-002

6.259671E-002

6.067598E-002

5.875526E-002

5.683454E-002

5.491381E-002

5.299309E-002

5.107236E-002

4.915164E-002

4.723092E-002

4.531019E-002

4.338947E-002

4.146875E-002

Figure 7: Example 3 - Sum of fields ∇un · ∇λn

obtained in each measurement. The isoline
value is 6.8 × 10−2.

CONCLUSION

The main goal of this work is to show the
applicability of the Configurational Derivative
(eq. 1) in problems where the shape and
topology of incrustations must be character-
ized. From eq. (1) the Configurational Deriva-
tive DC(x̂) is such that

ψ(Ω̃ε) = ψ(Ω) + f(ε)DC(x̂) +O(f(ε)) (34)

where

lim
ε→0

O(f(ε))

f(ε)
= 0 . (35)

Therefore DC(x̂) can be seen as a first order
correction to ψ(Ω) to obtain ψ(Ω̃ε). This last
interpretation of the Configurational Deriva-
tive can be used to devise an alternative recon-
struction method: since the solution of the in-
verse problem is given by the domain Ω̃ε which
minimizes the functional ψ(Ω̃ε), we can choose
the points in Ω (which does not contain any
incrustation) where the value of the Configu-
rational Derivative attains its highest absolute
values. Note that these points give the largest
decrease in the cost functional when incrusta-
tions are placed on them.

In particular, considering the steady-state
heat conduction problem, we have shown that
the Configurational Derivative allows to iden-
tify the shape and topology of the unknown in-
crustations. Moreover, its thermal conductiv-
ity coefficient is also characterized by the sign
of the Configurational Derivative. On the other
hand, classical approach for this kind of prob-
lem based on shape optimization has an intrin-
sic limitation: the number of incrustation in
the bulk material must be known a priori. In
order to overcome this difficulty the Congura-
tional Derivative evolves as an interesting alter-
native. In fact, the unknown field is identified
even when there are several incrustations. This
issue is also discussed in [7].

Finally, we would like to say that the Con-
figurational Derivative can also be utilized as
a new approach for mechanical modelling of
problems such that cavitation, plasticity, duc-
tile fracture, phase change, damage among oth-
ers.
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